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1. INTRODUCTION AND RESULTS

Let =, be the collection of all polynomials of degree n, leading coefficient
equal to one, and divisible by x"~™. Hence, each p €, ,, is of the form
p(x) = x" + dix* + -+ + d,x"™. For each class =,,,, let pf . be the
(unique) polynomial in =, , with minimum supremum norm on [0, 1]; that
is,

i P e = I0E{[[ P lloc: P € Ty

where | fll. = sup{| f(x)] : 0 << x < 1}. For example, p;,=2"1T,,
where T,(x) = cos(n cos™ x) are the Chebyshev polynomials. It is easy to
verify that not all the coefficients of p} , are bounded as » tends to infinity. In
fact, the “middle” coefficients of p}, have the order of magnitude n-1/2
(27/16)*/4. In this paper, we show that if m does not tend to infinity with n,
then all the coefficients of p} ,, are bounded. This is included in the following

THEOREM 1. Let m be a positive integer. Then there exist positive constants
¢, and ¢, such that

e < Pl < ™ (1.1)
Sor all n > m. Furthermore, the coefficients of p}; ,, are bounded asn — .

We remark that this theorem can be generalized. In fact, if the exponents
n—m,.,n—1 in p(x) above are replaced by integers A,(n),..., A,.(n),
respectively, where 0 <C A, (n) << --+ << A, (1) < n, then the same conclusions
of Theorem 1 still hold as long as » — A;(n) is bounded as a function of n.
This result which is contained in Theorem 2 is stated and proved in Section 4.
Results analogous to Theorems 1 and 2 also hold for L?, 1 < p < oo. These
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are stated as Theorem 3 in Section 5. This problem is inspired by the work
of Lorentz and Zeller on approximation by incomplete polynomials (cf.
[4, 5]). A related but somewhat different question was considered in [7, 8]. In
[1], the authors answered a question of Lorentz and two of the results in [1]
are used in the proof of Theorems 1 and 2.

Our approach to this problem is to compare it with the L,[0, 1] approxima-
tion problem where “everything™ can be done explicitly. We therefore, devote
the next section to the study of the L,[0, 1] problem.

Let A, x = {Ay = (A1 ,..., A)}, where A; == A(N),j = I,..., k, are integers
with 0 <{ A; < -+ < A, and for each Ay € 4, 4 let S(Ay), Ay = (A; ... AL,
be the vector space spanned by {x"i,..., x%}. Let ¢, be the L,[0, 1] error
function obtained by approximating x" from S(A,); that is,

k
ep(x) = xV — a;x"i (1.2)
i
and
| ey lls = Inf{ll XN — pllo: p € S(AN)} (1.3)

where || - |\, denotes the usual L, norm on [0, 1]. We show that if max{| N —
AN, | N — A(N)|} is bounded as N — oo, then the coefficients of &
remain bounded. One, therefore, expects that under the same hypothesis,
all the k positive zeros of e, , would cluster around the point 1. This and more
can be proved in the special case when A, has components consisting of
consecutive integers with N deleted. The fact that e, , has precisely k positive
zeros can be seen by using the Descartes rule of signs and the alternating
property of best L,[0, 1] approximation.

Let yy=(N—-k+1L., N—1, N+ 1., N+, 1 <I<k~—1,
Av=(N—k.,N—1) and Ay = (N -+ 1,.., N+ k). We have the
following

PROPOSITION 1. Let ¢ be the L,[0, 1] error function e, , as defined in
(1.2) and (1.3) with Ay = 7,y . Then for all | = 0,..., k and all k and N with
N =k + 1, all the positive zeros of e, lie in the interval [I — K?/2N, 1).

All the afore mentioned L, results will be used to prove Theorem 1.

2. BEST APPROXIMATION BY INCOMPLETE POLYNOMIALS IN L,

Let Ay = {Z‘N = (Al AT A = A(N), 0 < Ay < --- < A} and
eny(x) = x¥ — 3, a;x’ be defined as in the previous section. In this
section, we study some important properties of e, .
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LemMA 2.1. Forall N and Ay €A,

— N

(2.1)

“ elN “2 =

The above distance formula can be derived in a standard way (cf. [2; 9,
p. 98]). We also have explicit expressions for the coefficients a; .

Lemma 2.2. Forj=1,.,k,

k + A+ 1
t
-1, E[N+At+1 (22)

t

o o
<

#j

In particular, if max(| N — A, [, | N — Ay |) is bounded, then the coefficients
a;,j = 1,..., k, are bounded as N — oo, Furthermore

e (1) = 1 — f a; = (2.3)

s

To prove the above lemma, we note that a; ,..., a; , and y == ¢, (1) satisfy
the linear system:
a+ o Fat+ty=1,

: - 1
g/\ +A FTI19“NENFI°

v=1,.,k

Apply Cramer’s rule to solve for y. Simplifying the determinants by means
of induction, we obtain (2.3) (see also [2; 6, p. 35]). Again, solve for each a; .
By using (2.3), one can simplify the expression for a; to obtain (2.2).

It is interesting to note that

lenylle = [ e, (DI/@N + D2 <l ey ll/(2N + DY

Next, we study the location of the positive zeros of e, When Ay =2, .
Write ’

k

N * AF

e (X) =X — ) a;x",
izt

where a} = af(l)and &,y = (Af,..., A}) is defined as in the above section. As
mentloned above, each ¢,  has prec1sely k positive zeros. By the alternating
property of ¢, it is clear that these zeros are distinct and lie in the interval
(0, 1). Let x; = x,(l N) J=1,,k 0 < x < <x; <1, be these zeros.

Then if /=0, x; + =+ + xz = at; if = I,x1 + oo b x, = 1/af; and if
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2l <k, xy b xy o —ak Jaf. By using (2.2), it is straightforward
to verify that for each / = 0,..., k,and all k and N with N = k -+ [,

Xg - b ox 2 k(1 — KJ2N).
Hence, x; + k — 1 = k(1 — kj2N), or 1 — k%*2N < x; < 1. This completes

the proof of Proposition 1.
We also remark that 1 — k22N < x, << 1 — k/2N.

3. PROOF OF THE MAIN RESULT
In this section, we prove the main theorem of this paper, namely Theorem 1.
Again, let €N be the error function Cry when Ay = A, 5 . Denote by || - ||, the

usual L, norm on [0, 1]. We need several lemmas.

LemMMA 3.1, Let k be a positive integer and 0 < I < k. Then
lep, yih < 3% NiE € i (3.1

Jor all sufficiently large N.
Proof. We write

1—kZ/2N

1
H%Nfﬁo z%wmm+£M“qMMﬂwM)

By Proposition 1, we have

1—k2/2N 1-k%/2N 3
f L e,y dx < BNf xNFHUT] (g — X) dx
0 0 j-1
1-k2/2N
< By { XN=FH(T — x)* dx
Yo

1
< By f N1 — XYt dx
)]
k!
il gy oy e Ry geny L

(3.3)

where By = max(l, | a} |). For the second integral, we use Schwarz’s
inequality to obtain

{1
Y112/

ko
N | ex,,N(x)\ dx < @W e N o . 3.4
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We can now use (2.1) and (2.2) to obtain an upper bound of the integral in
(3.3) in terms of |le, Il; and combine this estimate with (3.4) to arrive at
(3.1). This completes the proof of the lemma.

We next give a lower bound estimate of the L,[0, 1] distance from xV to
S(2;,x). Denote this distance by

do(xV, S(A x)) = Inf{ll x¥ — p o 1 p e SN},

[ = 0,..., k. We have the following

Lemma 3.2, For I = 0,..., k and all sufficiently large N,

1/2

N1/
Ao, S = gl e,y e (3.9

Proof. Again, for convenience in notation, write A,y = (Af,..., A}).
Since €, x is orthogonal to x*i,..., x%, we have

1
N N
lennlf = (N, ) = [ xVey, () d.
0
Consider the measure

dpr() = e, () dx

and apply the duality theorem (cf. [9, p. 71]) to obtain
1 1
4., S(h) = sup || [ duto)] [ du9): d e S
1 1
> XN du* du*
R AT REAC

= || €N Hg/H €N fly -

Hence, (3.5) follows from (3.1), and this completes the proof of the lemma.
The following result was obtained in [1].

LEMMA 3.3. Let A= (Ay,..., A), 0 <A < <Xy < N. Then d(x¥,
S(})) is a decreasing function of each A; ,j = 1,..., k.

Hence, we have the following

LEMMA 3.4, Let A= (A1 ,., ), 0 <A < <A, <N and 2 =(,
A4 Lou AL+ k — 1. Then

d(xN, S) < d(xV, S@)).
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We are now ready to give an upper bound estimate of d,(xV, Ay), where
Av = (Ag ..., A satisfies 0 <C A << - < A, << N,

LemMMA 3.5. Let Ay == (Ay,..., Ay} where Aj == A(N), 1 <j <k, and
0 <Ay < - <Ay < N. Suppose that

N—XMN)< 4 (3.6)
for all large N. Then
d(xV, S(Ay)) < CN7H, (3.7)
C = 244Xk for all sufficiently large N.

Proof. Clearly, the function
E-1

A Ll

i=0

is in S(Ay), where Ay = (A, A; + 1,..., A + k — 1). Hence, by Lemma 3.4,
we have

doo(xN, S("N)) < dao(xN9 (S(iN))

v oo (V=N oyl
<‘x X ;}( ; )(x 1) “m
) N—2p N _ A i |
_ %‘i xh(l . x)k j; ( j l) (X _ 1) kj‘lw

ST W

<240 — 0t =24 ik)h (T:T)k
< 24N

for all large N. This completes the proof of the lemma.
A less elementary and more precise upper bound estimate is given in [3,

p. 125].
We are ready to prove Theorem 1. Let pf | €7, ,, be as defined in Section 1

and write

* _n—m

-1
PEn() = X"+ Ex"T e 4 e
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Then || p} . lle = du(x”, SR)), where X = (n — m,..,n — 1). Hence, by
applying Lemma 3.5, we have

I Pl < €an™™ (3-8

for all large n, where ¢, = 2"*'m™. To obtain a lower estimate, we use
Lemma 3.2 with / =0, k = m and N = n, and apply formula (2.1). This
gives

| Do o = €™
for all large » with ¢; = m!/2™+13%" In order to prove the boundedness of
the coefficients ¢, j = 1,..., m, we use the following trick pointed out to us
by Professor P. Erdos. Let

e | = max{| ¢f | 1 < j < m).
Then, using (3.8), we have

™™ = prmle =16

m
X" Y bt
pt

©

= | o | do(x™", SQV)

with appropriate definitions of A = (4, ,..., A,,) and b}’s. Hence, we can apply
the lower bound estimate (3.5) in Lemma 3.2 and formula (2.1) in Lemma 2.1
to conclude that | ¢f | << Bu™ - con™ = c,B for some constant B and all
large n. This completes the proof of Theorem 1.

4. A MorRe GENERAL RESULT

In this section we prove that Theorem 1 remains valid under a more
general setting. Let

)‘N = ()\1 3esey /\k)9

where A; = A(N), | <j <k, are integers with 0 <C A, < +-» <A, << N. Let
cf = c¢f(N),j=1,..., k, be the coefficient of the L,[0, 1] error function;
that is,

PR = xV —

M=
o
¥
ket
»>J

Jj=1

and
HP;C ”ao == dco(xN’ S("N))

We have the following result.
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THEOREM 2. Let Ay == (A[ ..., Ap), A, = A(N), be defined as above and
suppose that

N —AMN)<D (4.1
Jor all N. Then there exist positive constants ¢, and ¢y such that
L‘3N”h: §/ HP; ‘!7\ i C4N7k (42)

Jor all N. Furthermore, the coefficients ¢(N),j = 1,..., k are bounded as a
Jfunction of N.

In order to prove this result, we need the following theorem established

in [1].

THEOREM A. Let @ = (fy,..., pup), Where puy ..., @y are integers with
0y < <y <N <phpogg < <ppand 0 <1<k Let 4 0 <C
[ < N, be as defined in Section 1. Then for each I, 0 <1 < k and all N,

d (XY, 82 ) < do(xV, S(w). (4.3)

We now prove Theorem 2. The upper bound in (4.2) is precisely the result
in Lemma 3.5. To get the lower bound, we simply apply Theorem A and
Lemma 3.2 with / = 0, and then use Lemma 2.1. To prove that the coeffi-
cients ¢} = ¢}(N) are bounded, we again let

Lo = maxd] of 11 < j < k)

and conclude that

aNTF = Upile = lef 1 x™ = ¥ dfx"

> e | d(x™ S()

with appropriate definitions of X = (A, ,..., A,) and d}’s. By Theorem A, with
=k —1t-+ 1, we have

C4N7k > | Ct* [ doc(x/‘ta S(AZ,N))'

Hence, Lemma 3.2 applies and the same proof as that of Theorem 1 yields
that | ¢} | is bounded. This completes the proof of the theorem.
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5. FINAL REMARKS
By a similar proof, we also obtain the following L?” result.

THEOREM 3. Let Ay = (AM(N),.c., A(N)), M(N) < -+ << A(N) < N and
N — M(N) < E for all N. Let p}* be the error function obtained by approxi-
mating xN from S(Ay) in the L0, 1] norm, 1 << p <X co. Then there exist
positive constants c; and cq such that

CstkA(l/ﬁ) 5\: H p;* Hp < Cﬁka‘(l/I’)'

Furthermore, the coefficients of p* are bounded as a function of N.

Theorem 1 leads to the following question: Let pj, €m, ., satisfy
! P:,m,, l=inf{lple:p €Ty,m, ), Where m, — 00 as n — oo. To what extent
does Theorem 1 hold and are the coefficients of pj; ,, no longer bounded? By
using Lemmas 2.1 and 2.2, this question is completely answered in the L,
ca. .
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